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ABSTRACT

We follow theoretically the motion of the sodium atoms in vapor state under the influence of a laser
mode in (1 + 1) D, which is achieved by introducing different optical filters. In the Dirac interaction
representation, the equations of motion are represented via the Bloch form together with the Pauli
operators to find the elements of the density matrix of the system. The emergence of the principle
of coherence in varying the angles of the laser mode permits the evaluation of the average force
affecting the atoms' acceleration or deceleration, and hence the corresponding velocities and
temperatures are investigated. The atomic vapor is introduced in a region occupied by a heat bath
presented by the laser field, such that the state of the atomic vapor is unstable inside the system
due to the loss or gain of its kinetic energy to or from the laser field. This instability is studied by
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finding the eigenvalues of the system's entropy. Resorting to the assumption of Botin, Kazantsev,
and Pusep, who issued in the presence of the weak and strong spontaneous emission, a coupling
between the mean numbers of photons in terms of time, which allows the evaluation of the rate of
entropy production of the system under study. No singularities are found throughout the process of
equations solving and other calculations. Resorting to symbolic software, a set of figures illustrating
the nonlinear behavior in the dynamics of the problem is present. In this paper, we introduce a
theoretical study of the effect of two-counter propagation traveling plane waves on the motion of the
sodium atoms in the vapor state by varying the coherence angles to investigate the atomic
behavior. Good agreements are found with previous studies.

Keywords: Laser pressure on atomic vapor; dirac representation; Coherent states; spontaneous
emission; irreversible statistical mechanics; standing waves.

PACs: 32.80.Qk; 42.50.-p; 37.10.Vz; 05.30.Ch.
1. INTRODUCTION

The prediction of the mechanical effects of laser
light on the neutral atom’s dates to Ashkin [1]
and Kazantsev [2]. More specifically, in recent
decades atomic beams have been laser-cooled
and trapped, obtaining a narrowing of atomic
lines and slowing down of atomic velocity. In the
case of a plane monochromatic laser — traveling
wave in the same direction as a two-level atomic
beam, Kazantsev [2], Pusep [3] solved the
equation of motion for the atomic density matrix
with a semi classical Hamiltonian, and the field
wave vector is taken in complex form that the
resulting force lies in the complex plane, its real
part takes the direction of the atomic beam and
accelerates them, it was termed by the
spontaneous radiation pressure force following
Ashkin [1]. The imaginary part or the transverse
component is the gradient or the dipole
force which is in direct proportionality
with the field intensity. Interaction representation
has a long history in the study of atom
dynamics in laser waves; the Dirac
representation of a two-level atom and a nearly
resonant light field had received a theoretical
tackling in [4].

A work conducted by Letokhov and Minogin was
based on the semi classical approach, such as in
[5], who presented a quantum treatment based
on the Schrodinger perception of the motion of
atoms in a resonant light field. The interaction
Hamiltonian is taken in the dipole and rotating
wave approximations. Coherent states were first
studied by Schrédinger in 1926, and were
rediscovered by Klauder, Glauber, and
Sudarshan at the beginning of the 1960's, they
described the specific role of coherent states
played in quantum radiation fields [6].
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In reference [7], the acceleration of atoms by
laser using the Landau-Lifshitz (LL) equation was
discussed. Since laser cooling decreases the
temperature of a sample of atoms, there is less
disorder and therefore less entropy. This seems
to conflict with the second Ilaw of
thermodynamics, which requires the entropy of a
closed system to always increase with time. The
explanation lies in the consideration of the fact
that in laser cooling the atoms does not form a
closed system. Instead, there is always a flow of
laser light with low entropy into the system and
fluorescence with high entropy out of it. The
decrease of entropy of the atoms is accompanied
by a much larger increase in entropy of the light
field. Entropy considerations for a laser beam are
far from trivial, but recently it has been shown
that the entropy lost by the atoms is many orders
of magnitude smaller than the entropy gained by
the light field [8].

The concept of entropy plays an important role in
our understanding of complex physical systems.
The study of the entropy in quantum systems
was begun by von Neumann in 1932. The
quantum entropy for a density operator was
defined by von Neumann about 20 years before
the Shannon entropy appeared. The quantum
dynamical entropy (QDE) was studied in [9,10].
In 1976, Pusep has investigated the quantum
features of the acceleration of an atom in the
homogenous field of a traveling monochromatic
wave. The atoms are accelerated as a result of
absorption of photons of the traveling wave and
of the spontaneous emission of a spherical wave.
The improvement of the methodology utilized by
Kazantsev [11] consists of the replacement of the
classical description of the translational motion of
the atom by a consistent quantum mechanical
description. Indeed, upon absorbing a photon
from the light flux and spontaneously emitting a
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spherical wave, the atoms acquire the
momentum hk in the direction of propagation of
the wave within a cycle of durationy~!. Despite
that the spherical wave corresponds to the
classical limit, from the quantum standpoint each
elementary event of photon emission bears away
a momentum equals in magnitude to hk in an
arbitrary direction.

When the photon number n is characterized by a
Poisson distribution, Botin and Kazanstev [2] and
just after them Pusep [3] suggested that there is
a linear relationship between the mean number
of scattered photons and the time of laser-atom
interaction in the form n=yt/2 if the
spontaneous emission is strong, whilen =2G y t
if the spontaneous emission is weak, where y 1
is the life time of the atomic levels. Since for
n>>1 the distribution of niis well Gaussian
approximated, while the distribution to which
emission of photons gives rise in the case
n >> 1is also Gaussian. In 2016, Andrede et-al
[12] studied the entropy of a quantized field in
interaction with a two- level atom in a pure state
when the field is initially in a mixture of two
number states.

In this paper, a theoretical study discusses the
effects on a neutral atomic vapor by a plane of
monochromatic laser traveling wave in different
coherent angles. The pressure force, the velocity
and temperature of atoms were estimated. The
standing laser wave [13] can be decomposed
into a pair of oppositely traveling waves. In
perturbation theory we can assume that these
two acts on the atoms independently, and the
resulting force is hence the direct superposition
of two waves by combining up the two forces
together to obtain a standing wave.

2. THE PHYSICAL PROBLEM

We consider a plane traveling wave, a single
laser mode, of frequency w propagating in the z-

direction with wave vector (K = +k8&,), while a
beam of vapor of Na atoms moves in the (+ve)
z-direction. The role of the coherent state is
played by introducing suitable optical filters
inducing different angles ¢ to affect the state of
motion of atoms making either the acceleration
or deceleration acts, this is followed by a study
which discusses the statistical nature of the
guantum system via entropy and entropy
production. The two-level model is employed to
represent our problem. An atom with only two
energy eigenvalues, is described as a two-
dimensional state space spanning between the
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two energy eigenstates |2) and |1). The two
states constitute a complete orthonormal system
[14]. The corresponding energy eigenvalues are
E;and E,. The energy levels of the atom are in a
coordinate frame rotating with frequencyw,.We
use a type of laser withfrequencywapproaching
to the transition frequency w, of sodium atoms.
w~wy, wy = (w; —w,) ; The atomic levels |2)
and |1) are coupled by the light induced
transitions, are separated in coordinate systems
by a difference 24,4 = w, — w. The real value of
the density matrix formalism for atom-light
interactions is its ability to deal with open
systems. The reason is that; the closed system
of atom plus laser light that can be described by
Schrédinger wave functions and is thus in a pure
state, undergoes evolution to a “mixed” state by
virtue of the spontaneous emission [8].

3. THE TACKLING APPROACH VIA
DIRAC INTERACTION REPRESENTA-
TION

The interaction Hamiltonian is taken in the dipole
and rotating wave approximations in the
framework of Dirac interaction representation
[15] which takes the form;

H, = ih g{rtae® — atfe=1}, (1)
where h is the Planck constant, g is the Rabi
frequency, the interaction between the laser and

atoms is discussed depending on the distance
and time for atoms such that;

9=At+1?.ﬁ=£lt—kz,and A=wy—w>0,

here w, is for atoms and while w is for the field,

=

R = ze,is the atom position vector.

The operators 4T and @ are respectively the
creation and destruction boson operators for the
harmonic oscillator. We present the equation of
motion of the matrix elements of the density
matrix operator asp,;(t). The interaction of the
two-level atom with the quantized electric field of
an electromagnetic wave is defined by the Bloch
equations [5,11]

dpij
dt

—%(il[ﬁ,,p,]lj) —L;(pij — piy) ij = 1,2.(2)
Where:

1 =122 = 2¥. gre the spontaneous
decay rates for the two metastable
levels.



Abourabia and Elgarawany; AJR2P, 4(2): 25-47, 2021; Article no.AJR2P.66660

I12 = 21 = V- gre the rates of relaxation
of the off- diagonal matrix element.

At t=0, we assume that the initial
populations of the lower and upper
states are

pi1 = 1,and p3, = p, = p3, = 0.
The atom levels |1} and |2) are coupled with the

light induced transitions, are separated in
coordinate  systems with a difference

"A A =0, -o.

Following [12] from (1) and (2), using the initial

conditions fori=j=1; the equations of motion
. _da

are respectively (note that:e= E)

P11 = =2y — 2ypy1 + g{@Tpyne7 + py,ae'?},(3.9)

similarly, forj =i = 2;

P22 = —2YPz2 + glapi2e™ + pyrate 3, (3.b)
forj =2,i =1;
Pz = —Yp1z + g{=a"py2 + pr1@fle ™, (3.c)
forj =1,i =2;
P21 = —YPa1 + g{—p22@ + dpy;}e®. (3.d)

The density matrix satisfies the conditions for
mixed states:

Trp; =1,p12 = piy, PP # 1.

Resorting to the coherent state |a) of the laser
mode, to obtain the value of density matrix
elements according to which it is defined as an
eigenstate of the amplitude operator, one of the
annihilation operators {a} , with eigenvalues
{a}[16]. The operators {a} are non-Hermitian,
and the phase angle ¢ describes the wave
aspect of the coherent state a = |ale!® € C
whereas « is a complex number, which
corresponds to the complex wave amplitude in
classical optics. Thus, the coherent states are
wave-like states of the electromagnetic
oscillators. As is well-known two beams of light
are coherent when the phase difference between
their waves is constant. So, in direct way the
coherence angles ¢ are the phase of the
electromagnetic field (laser) which affects the
atoms. Although the coherent states are not
orthogonal, it is possible to expand them in terms
of a complete set of states. The completeness
relation for the coherent states [17] and the
following properties hold true:
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~[d*ala)(al=1
ala),{alat = (a]la* (a]a) = 1.

pij = {alpyla), ala) =
*

So that applying (*) to both sides of equations (3)
to get

:511 = 2]/ - 2]//_)11 - g{a*/_)21e—i9 + aﬁlzeia}! (4a)

.522 = _2}/,[_)22 + g{a*l—)21€—i9 + aﬁlzeig}! (4b)
:512 = _yl[_)lz + ga*{ﬁzz - /_)11}6—1'9, (4C)
.521 = _y,l_)21 + ga{_ﬁzz + ﬁll}eiB (4d)

4. PAULI OPERATORS [10], [11]

The Pauli matrices are a set of three 2 x 2
complex matrices which are Hermitian and
unitary [17].

o8 -0 LS G prs o

=0 F1=0 U+ = Y-

[0 1 A ~
iy o) =P+ 52, (5.b)

—i] _
0

63 = [(1) _01] = [(1) 8] - [8 (1)] = P11 — P22, (5:€)

and

P+ Doz = 1. (5.d)

The determinants and traces of the Pauli
matrices are:

detg; =—1, Tro; =0. (6)
The Pauli vector is defined by
g =0,%+0,y+0,2 7

Then introducing coherent state |@} in equations
(5.1), (5.2), (5.3) and (5.4) leads to;

Oy = 01 = (P12 + P21, _Uy =0, = (P21 — P12)s
0, = 03 = (P11 — P22)s 1 = (P11 + P22)- (8)

Where 6, and 6,, are Hermitian operators.

Differentiating (8) with respect to time and
expressing in coherent states to obtain:

ij = (.512 +_.521) K &y = i(FT’21 - 512) ) UTz = ([711 -
P22), 0 = (P11 + P22)- )


https://en.wikipedia.org/wiki/Hermitian_matrix
https://en.wikipedia.org/wiki/Unitary_matrix
https://en.wikipedia.org/wiki/Determinant
https://en.wikipedia.org/wiki/Trace_of_a_matrix
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Using equations (4) we have:

G, = —y0, + 2g|a| cos(8 + ¢)a,, (10.a)
oy = —yo, — 2glalSin(6 + ¢)d,, (10.b)
6, = =2y —y6, — 2glal cos(8 + ¢)G, — 2glal sin(6 + ¢)d,. (10.c)

The general compact form of those equations in (8) is

6=M5+Y. (20.d)
Where their matrix representations are respectively:

Ty 0 -y 0 2gila| sin(8 + @)
6=[5yl,Y=[Ol,M= 0 y —2gila| cos(8 + @)|.

g, 2y —2glalcos(8 + @) —2gla|sin(8 + ¢) =2y

The steady state solution is taken into consideration such that equation (10.d) will be:
6 = 0, this implies 6 = —M~1Y; |M| = =2y3 — 4g%ay # 0, with the inverted matrix

2% +4g%nsin®(0 + @) 4g*ncos(0+ @)sin(0 + @) 2gylalcos(6 + @)
M= %l 4igii cos2(6 + ) 2y? +4g*ncos®(0+¢9)  —2gylalsin(6 + ¢)|.
—2gylalcos(6 + ¢) 2gylalsin(6 + @) v

Hence Pauli operators in terms of the coherent states are:

-1

Oy = M4gy2|a| cos(6 + ¢) = P12 + pPa1- (11.a)
6y = i (—4gy?lal sin(6 + §)) = i(pr2 — Pr1). (11.b)
6, = 5 2y = pu1 ~ b2, (11.c)

provided that;

1= P11+ p2z- (11.d)
Two cases characterize the scope of this study:

The first case: the traveling wave is in the opposite direction to the atoms with detuning 4 > 0.

The second case: the traveling wave is in the same direction of sodium atoms with detuning 4 > 0.
Indeed; the density matrix elements under the effect of the coherent states are respectively

_ 1+0.5GA 0.56A are”®  _ aet®
= = = 4 (12)

P11 = TGn P2 T g P12 T y(1+6n) ' P21 = y(1+Gn)’'

2
where G = 2 (%) is the saturation parameter.

5. THE INVESTIGATION OF THE PROBLEM IN TERMS OF THE CONTINUOUS
PHOTON NUMBERS

Recalling that, spontaneous emission causes the state of the system to evolve from a pure state into
a mixed state and so the density matrix is needed to describe it. Spontaneous emission is an
essential ingredient for the dissipative nature of the optical forces [18]. Thus, the stimulated transitions
in the field of a running wave do not contribute to the mean force of the light pressure. We shall
continue our investigations in two limiting cases of rapid and slow spontaneous emission.

29
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5.1 The First Case

In order to investigate the effects resulting from
the laser field on the pressure force, velocity and
temperature of the atoms after interaction we
proceed as follows:

The wave is traveling in the (—ve) z-direction
(K = —ké&,) with 6, = At — kz,4 > 0.

Using the completeness relation
density matrix elements therefore are:

in (*); the

~ _ 1+os56ata . oscata ~ _ gate i1
Puu =" P2T 5y o Pz7T y(1+G6n)
~ 6
~ gae't1
==, 13
P21 y(1+67) (13)

Under the effect of an electromagnetic wave
(laser), the force acting on a two-level atom in a
resonance light field can be estimated as follows:
in the field of a strong running wave, the atom
absorbs a photon from a light beam and acquires
the momentum fik of photon [19].

The Hamiltonian in matrix representation is

~ p o~ 10,

g=| ° " thgae™ | o — At — kz.
—ihgate=t01 0

Accordingly, the expression of the optical

pressure force acting on atoms is

oH oH 1 .
F=-— <E> = —Tr{p, 5} = = hkGy{(1 - ) +

~At2
—at

Azezzel e

a 2i91.

(14)
The value of the force with respect to the
coherent state |&) while using the relation (**)
and the expansion of the exponential function is:

F =(a|F|a) = —hky Wy; W, = %cos 2(6,+ ). (15.3)
The force is acting along the longitudinal
direction and has real values, n is the mean
number of photons.

We can divide both sides of equation (14) by aky
to get its dimensionless form;
f=-w (15.b)
which causes a decelerating or an accelerating
effect on the atoms along the negative z-

direction. As is well-known, the probability of
emission of a photon in a given direction is
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determined by the intensity of the spherical wave
emitted by the quantum nature of the emission
leads to fluctuation of the light-pressure force
about the mean value of W;.

We shall begin by integrating the force in (15.a).
The relative velocity difference is expressed as

_v(®)—vy v,.GRl
T vy 24v,(1+Gn)
—sin2 (0 + @)}

4

{sin2 (6, + ¢)
(16.b)

one-dimensional
1
— MUZ
. 1 . .
equivalent to E;, = ;kBT in thermodynamics, so

T2
that in the (-ve) z-direction the temperature of
atoms will be

In a
energyk;

space the kinetic
in the classical mechanics is

M M
T(t) = EUZ =E

sin2 (8, + )}

V-GN
24(14G1i)

{sin2(6; + ¢) —
(17.a)

{vo

Such that the relative temperature difference
reads:

vrGN
24vy(1+G7)

T={1- {sin2 (6, + ¢) —sin2 (6, + $)}*.(17.b)

5.2 The Second Case

The wave is traveling along the (4+ve) z-direction
(K = ké,) with the new angle 6, = At + kz,

A > 0, and the density matrix elements are:

_ 1+os6ata . _ oscata
wen P22 = Tga
gdelfz

T y@+6n)’

_ gate 92
T y@a+6n)

PN

» P12
(18)

The Hamiltonian in matrix representation is

O 1.92

—ihgate

ihgde

H1= 0

~i6,
The pressure force in dimensionless form is:

f=W,, Wy==""cos2(B,+¢), where 0, =
At + 2nZ. (19)
It is acting along the positive z-direction, which

causes decelerating or accelerating effects on
the atoms for chosen values of the phase angles.

The relative velocity difference is:

VrGN
24v9(1+G1)

{sin2 (0, + ¢) —sin2 (6, + ¢)}. (20)
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Similarly, as in the first case, the corresponding
relative temperature difference reads:

= it (sin2 (B, + ¢) —sin2 (6 + Y. (21)
6. THE INVESTIGATION OF THE

PROBLEM IN TERMS OF TIME

REPRESENTATION

The idea of coupling between the mean number
of photons and time was introduced by Botin and
Kasantsev [2] and Pusep [3]; they adopted that
the distribution of the absorbed photons n is well
approximated as Poissonian or Gaussian,
according to whether the spontaneous emission
is slow or rapid. In the first, the emitted mean
photon numbers 7 arises as Gaussian, it is
linearly  proportional to time such as
n=05r¢7;r=yt,itis also known as strong

field. For rapid spontaneous emission n is
Gaussian and the mean photon numbers 7 is
Gaussian as well, where n = 2Gt, it is known
also as weak field where G « 1. Here 7 is the

interaction time (dimensionless), while for slow
spontaneous emission G > 1.

6.1 Slow Spontaneous Emission (Strong
Field): [2,3]

6.1.1 First case

The wave is traveling in the (-ve) z-direction with

6, =4t —kz and, A >0 . The density matrix
elements are:

R 1+0.5G éié, . 05G4a'a ,
P ™ 1+05G~ p22=l+0.5Gr
__ga'e™ . gde™ 22)
P = 'Py =
7y(1+05G ) y(1+0.5G 1)

The force, according to the mean photon number
in terms of a time representation under the
strong field is;

f=- c032(9_1+¢). (23.a)
2+Gr

The corresponding atoms velocity;
v G —

V = - — cos2(6,+¢)dr . (23.b)

Vo

S (2+Gr)
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Together with the atom’s temperature;

T

v, G

T-{1- cos2(0, + ¢)dr}’ - (23.0)

Vo

‘[(2+Gr)

6.1.2 Second case

The wave is traveling in the (+ve) z-direction with
6, =At+2nZ and A >0, the density matrix
elements are:

 1+05G4a'a 05G4'a
Pu ="~ Py =
1+05G 1+05G
g éTeMZ g éleio2
[312: !b21: '(24)
y1+05G ) y(1+05G )

The force, according to the mean photon number
in terms of a time representation with a strong
field is;

Gr —
f =——cos2(6,+¢). (25.8)
2+Gr
The corresponding atoms velocity;
v G -
V = — cos2(0,+¢)dr . (25.b)

Vo

S (2+Gr)
Together with the atom’s temperature;

T

G

Top-n cos2(0, + ¢)dc}’ - (25.)

Vo

'[(2+Gr)

To

6.2 Rapid Spontaneous Emission (weak
Field)

6.2.1 First case

The wave is traveling in the (- ve) z-direction with
0, =At—kz and, A >0 .The density matrix
elements are:

 1+05G4a'a 05G4a'a

P = f P = ’

14 26%¢ ? 1+2G%¢
géTeiml géeml

'[312: 2 ) A21: 2 : (26)
yl+2G%7) yl+2G%7)
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The force in terms of the mean photons number
in time representation under the weak field

f= 1+zc;2 ———cos2 (0, + ¢). (27.a)
The corresponding velocity is;
2G%v, (T
= vo" fTo 557, C0S 2 (6, + ¢)dr, (27.b)
together with the temperature
2G%v,
T={1-=2 fr 1+262 cos 2 (6; + p)dt}?. (27.c)

Vo
6.2.2 Second case

The wave is traveling in the (+ve) z-direction with

6, =At+2nZ and A >0 .The density matrix
elements are:

AT,\ AT,\

1+0.5G a 0.5G a
P _— ' P _—1
Y1426 °¢ # 1+26°¢
géTeiiSZ géemz
Alz_ 2 1Py = 2 . (28)
y1+2G 1) y1+2G 1)

The force in terms of the mean photons number
in time representation under the weak field

2

2G

:l 2G? 0052(0_2+¢).
+ T

(29.a)

The corresponding velocity is;

2 7

cosZ((9Z+¢)dr : (29.b)

v t(1+2G21)

0

together with the temperature;

T={14+20 "

Vo To

cos2 (0, + p)dr.  (29.c)

1+za2

7. THE INTERFERENCE (SUPER-
POSITION) OF TWO OPPOSITELY
DIRECTED LASER PLANE WAVES
AFFECTING SODIUM VAPOR:
VERIFICATION VIA STENHOLM
TACKLING

The standing laser wave can be decomposed
into a pair of oppositely traveling waves. We can
apply the force in the (-ve - eq. (15.b)- and in
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(+ve - eq. (19)- directions from the previous
sections and the usage of Stenholm suggestion
“Adding between two different direction gives a
standing wave” [13].

7.1 The Investigation of the Problem in
Terms of the Continuous Photon
Numbers

The acting force on atoms in dimensionless form;

f=

% (—cos2 (6, + ¢) + cos2 (6, + P)), (30.a)

1+Gn
where 0, = (At — 2nz),and 8, = (A1 + 2nz).
The corresponding velocity is;

VrGN
T 24(1+6n)

{—sin2 (0, + ¢) +sin2 (6, + ¢)}. (30.b)

together with the dlmen5|onless temperature T
which is proportional to V2

T+ C = T1 +T2. (SO.C)
7.2 The Investigation of the Problem in
Terms of Time

7.2.1 Slow spontaneous emission

The emitted mean photon numbers 1 gives rise
also to be Gaussian, it is linearly proportional to

time suchasn =0.5 r; z =y t, itis known also
as strong field.

Accordingly, the total force acting on atoms using
egs. (23.a) and (25.a) is;

= s+ o200,

G

(31.a)

From egs. (23.b) and (25.b), the resulting velocity
is therefore;

V=—ﬂ(ft cos2 (0, + ¢p)dr —

Vo To (24+GT7)

7077(2+C71)cos2(62+@)dr.

(31.b)

The dimensionless energy equation per unit
mass is;

V2+C=v,2+v,%,suchthat T+C=T; +
T,.

Using egs (23.c) and (25.c) the total temperature
will amount to;
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T+C={1 v’"Gf i 2(8, +¢) dr}?
={ o TD(2+GTJCOS L+ @) dr}
~—cos 2(8, + ¢) dr)?. (31¢)

T
“er (2+61)

+H1+22

7.2.2 Rapid spontaneous emission

Resorting to the relation between the mean
photons number in the weak field
n=2G7r:G <1.

Accordingly, we get the total force acting on
atoms using egs. (27.a) and (29.a);

GT
2+GT

f=- (cos 2(6, + ¢) — cos 2 (6, + ¢)).(31.a)

From egs. (27.b) and (29.b), the resulting velocity
is therefore;
T 2G%r

('Lo 1+2G%1
cos 2 (6, + ¢) dr).

v=_2x

Vo
jr 2G3%7
To 1+26G%7T

cos2(0; + ¢)dr —

(31.b)

The dimensionless energy equation per unit
mass is;

V2+C=v,2+v,% ,suchthat T+C =T, +
T,.

Using egs. (27.c) and (29.c) the total temperature
will amount to

v (T 2G%t =
T+C={1- v_of‘fo e C0s2(6; +

PaAr}2+{1+vrv0r0r26211+262rc05s202+Pd
7}2. (31.c)

8. THE IRREVERSIBLE STATISTICAL
DYNAMICS OF THE PROBLEM

8.1 Entropy of the System

The laser field in this study is suggested as a
heat bath. Indeed, the most natural measure of
the uncertainty of the quantum- mechanical state
is the entropy. The quantum mechanical entropy
due to Von-Neumann reads [20] is;

Sp = —ksTr{pnp},p = Paa, (32.2)

where g the density operator of the quantum

mechanical system, kg is the Boltzmann's

constant. The Von-Neumann entropy of a pure
state is equal to zero. For the quantum
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mechanical mixture, the Von-Neumann entropy
is larger than zero.

By deriving the eigenvalues of density matrix [21]

Sp=—kg X, A log Ay = —kg{A; log 2, +
2109 1), (32.b)

to identify the eigenvalues of the density matrix
from the eigenequation

p11— 4 P12 2 L

o R =021 -1+ —
] p_21 Py — A P11P22
P12P21 = 0.

Using eq. (12) we get:

112

1
2=3% 2(1+6n)" (32.c)
According to [22], the stability of the system is
described according to the eigenvalues in the

form
A=A =a+ib:a>0 and b > 0.

So that the system behaves as a “unstable spiral
" meaning that the atoms dissipate /acquire
energy to/ from the laser field as an energy bath
described by the variable mean photon numbers
n..

Entropy has the dimension of Boltzmann
constant kg; its dimensionless form will be;
Sp_

Sks

—{A1log A; + A, log A, }. (32.d)

In the conventional expression of the field in
terms of the photon numbers, S is independent
of time; as a result, the entropy production could
not be evaluated.

8.1.1 For slow spontaneous emission

Resorting to Kasantsev and Pusep who adopted
the notion of strong and weak fields in terms of
time, which permits to investigate the entropy
production. The eigenvalues depend on time,
therefore

The eigenvalues in the strong field are

(33.3)

hence, the dimensionless entropy reads;
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Sser = ={Alog Ay + 25 10g 3}, 2y 2 = 1,5(£)-(33.b) 02| -15+670100]03 2252 w1 5-Gtonas]os 2
It follows that the entropy production will be; o V1-26%t(1+26%)2 (36.b).
Ost = %Sst, (34.a) 9. THE RESULTS AND DISCUSSION

Og = It is yvorth noting. that th_roughout all the
e|c-as0sa0oafos—~EE]sce-osonroaosIZE]|  Concequenty the conespancing ilusirations no

VI—Gt(2+Gr)? singularities arise. This will be seen by the help
(34.b) of “Mathematica” software. Besides, no
approximations were introduced.
8.1.2 For rapid spontaneous emission
The angles of the interaction between the atoms

The eigenvalues in the weak field are; and the waves are illustrated and show linear
periodic oscillations of the force acting on the

Ao, = Ly Yi-2GiT (35.a) atom’s behavior for several values of the
1,2 L 23! . . .

’ 27 2(1+26%7) coherence angles. The induced changes are in

hence, the dimensionless entropy in the strong <(jl|sg;1nce z and time t, see Figs. (1.a) and

field is;

According to Table (1) the coherent and
interaction angles are presented in some order,
which reveals the physical degradation of
acceleration Figs. (2.a), (2.b), the deceleration
behavior of atoms in Figs (2.c), (2.d), and their

Sw=—{A1logA; + A, log A,}. . (35.b)

Here S, is time dependent, as a result the
entropy production 5=g,, could be calculated.

corresponding relative temperature
4 difference.
Oy = ESW' (36&)
& 3w 17w 2m " Sm Tm 13m
T T8 12 24

Fig. (1.a) Fig. (1.b)

Figs. (1.a), (1.b) show the force acting on the atoms in time and space.
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Table 1.
¢ 6 ¢ 6
% A % A
6 3 3 6
A A A A
3 6 3 3
L e e e 0.0R ]
—— ] |".. ]
] 0.2 Fli, .
] [ ]
- 1 = 04 \ — ]
= 1 = sl
] 08l & ]
RPN L NN g ol e : —
4 g 3 10 0 2 4 g 3 10
n i
Fig. (2.a) Fig. (2.c)
M = —
_ - —— -31
|E 1.5 _( -'/_.-f" : H
— | / = \
1 (= 10H/ — S T
- f P ——T———
I II —|= i
[': = 051 |I E E
[ -3
ool . . . - -
0 2 4 & g 10 I : — , : N
5 [ 2 4 g 3 10
Fig. (2.b) i

Fig. (2.d)

Figs. (2.a) and (2.b) illustrate the increasing in the force and temperature according to the
coherent angles. Figs. (2.c) and (2.d) illustrate the decreasing in the force and temperature
according to the coherent angles. These figures describe the deceleration or acceleration in
the atom’s behavior.

According to Table (2) the coherent and
interaction angles are almost in opposite order,
which illustrates both the acceleration in Figs.
(3.a), (3.b), and deceleration in Figs. (3.c), (3.d)
of the atoms, and their corresponding relative
temperature difference.

The investigation of the problem, according to
Kazantsev and Pusep in terms of time reveals, in
the cases:

9.1 Slow Spontaneous Emission

The mean number of photons in the time
representation is n = 0.5 , where the field is

35

strong, and the saturation coefficient has taken
such that ¢ >>1 The proper choice of

coherence angles also controls the behavior of
the atoms, which are shown according to Tables
and Figures.

In Table 3 For the first case the coherent and
interaction angles are in several orders, which
illustrates both the acceleration and deceleration
behavior of the atoms respectively as shown in
Figs. (4.a), (4.b) and Figs. (4.c), (4.d), and their
corresponding relative temperature
difference.
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Table 2.
¢ 0 ¢ 0
il 2 z z
2 3 6 3
2 z 7 z
3 3 3 6
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& : 10
1
2
b
1] 2 4 & 2 10 & g 10

n
. n
Fig. (3.b) Fig. (3.d)

Figs. (3.a) and (3.b) illustrate the increasing in the force and temperature according to the
coherent angles. Figs. (3.c) and (3.d) illustrate the decreasing in the force and temperature
according to the coherent angles. These figures, which describe the deceleration or
acceleration in the atom’s behavior.

Table 3

0 ¢ 0

7 7

VA s

Sl s
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w
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Fig. (4.b)
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Fig. (4.d)

Figs. (4.a) and (4.b) illustrate the increasing in the force and temperature according to the
coherent angles. Figs. (4.c) and (4.d) illustrate the decreasing in the force and temperature
according to the coherent angles. These figures, which describe the deceleration or
acceleration in the atom’s behavior

In Table (4) according to the third case the
coherent and interaction angles are preseted in
different orders, which illustrates both the
acceleration and deceleration behaviors of the
atoms respectively shown in Figs. (5.a) , (5.b)
and Figs. (5.c) , (5.d) and their corresponding
relative temperature difference.

9.2 Rapid Spontaneous Emission

The mean number of photons was treated such
that n = 2Gt, where the field is weak i.e. G <<

1. The coherence angles also control the
behavior of the atoms, which are shown.

Table 5 is related to the first case, the coherent
and interaction angles are presented in some
order, which illustrates both the acceleration and
deceleration behavior of the atoms respectively,
are shown in Figs. (6.a) , (6.b) and Figs. (6.c) ,
(6.d) and their corresponding relative
temperature difference.

Table 4
¢ 0 ¢ 0
T 57 T T
3 6 6 2
T 2z T T
2 3 2 6
2 3 T T
_ 3 3
2
sz z 5z 57
6 3 T
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Figs. (5.a) and (5.b) illustrate the increasing in
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Fig. (5.d)

the force and temperature according to the

coherent angles. Figs. (5.c) and (5.d) illustrate the decreasing in the force and temperature

according to the coherent angles. These fig

ures, which describe the deceleration or

acceleration in the atom’s behavior representing in the time

Table 6 illustrates the case, where the coherent
angles and interaction angles are presented in
opposite order, which show both the acceleration
and deceleration behaviors of the atoms
respectively, see in Figs. (7.a), (7.b) and Figs.
(7.c), (7.d) and their corresponding relative
temperature difference.

The studying of the state of equilibrium in the
system is accomplished by evaluating the
entropy in the classical representation of the
field, Fig. (8) Explains the situation that the

system behaves as an “unstable spiral”. While in
terms of time, comparing both slow and rapid
spontaneous emission cases, regardless of the
coherence angles; the entropy production
behaves such that it is suddenly increases with
increasing G at the beginning of the time interval,
then drops severely to zero during the rest of the
time interval approaching the state of equilibrium
with an increase in entropy, where the energy is
dissipated to the field, in agreement with the
notion of open systems [9], As shown in Figs.
(9.a) and (9.b).

Table 5.

¢ 0 ¢ 0
V3 V3 T 2r
o o > -

5z n V4
2 6 3 2
2z 2z T z
3 3 2 3
57 7 2z z
65 2 3 B
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Figs. (6.a) and (6.b) illustrate the increasing in the force and temperature according to the
coherent angles. Figs. (6.c) and (6.d) illustrate the decreasing in the force and temperature
according to the coherent angles. These figures, which describe the deceleration or

acceleration in the atom’s behavior representing in the time

Table 6.
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Fig. 7.b. Fig. 7.d.

Figs. 7.a. and (7.b) illustrate the increasing in the force and temperature according to the
coherent angles. Figs. (7.c) and (7.d) illustrate the decreasing in the force and temperature
according to the coherent angles. These figures, which describe the deceleration or
acceleration in the atom’s behavior representing in the time

Fig. 8. shows the Von-Neumann entropy of the system with the saturation parameter and the
mean photons number, which described an “unstable spiral” state, according to the
eigenvalues

st

Fig. 9.a. in the case of strong field, shows the Von-Neumann entropy dependent on time and
entropy production v.s. the saturation parameter and the time.
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o

40

Fig. 9.b. shows the Von-Neumann entropy of the system and entropy production with the
saturation parameter and the time in the case of the weak field

A standing wave or stationary wave consists of
nodes and antinodes. The peak of the wave
oscillation at any point in space is constant with
time. This work discusses the radiation pressure
on atoms, the velocity and the temperature. The
radiation pressure on atoms is represented by
the mean acting force with respect to the
coherent state. This work presents two cases of
detuning the first is larger than zero the other is
smaller than zero. The change in the detuning
value does not have any effect on the motion, but
in case of the time dependence of the mean
photon numbers the situation will change
substantially. In this work a standing wave
completes its period at a time of 1.53 duration for
a distance of 0.5 cm. Now two cases about a
standing wave will be introduced; the first 2-
nodes and 3-antinodes, the second 3-nodes and
2-antinodes. The coherence angle plays an
important role to determine the standing wave.
The force makes 3-antinodes at the coherence

angles ¢ :{1,3—”}, and it makes 2-antinodes
4 4

at 4_¢Z r3,asshown in Fig. (10).
2

The velocity represented at the same angles also
is forming a standing wave, it perverse the same
behavior as in the case of the force. It forms 3-

T
antinodes at the- coherence angles ¢ ={—, 7},
2

. T 37 .
forms 2-antinodes at ¢ = {—,——} as shown in
4 4
Fig. (11).

In the course of time the pattern of “Egg Crate”
appears, see figure Fig. (12.a) for the pressure
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force, and Fig. (12.b) represents the velocity of
the atoms.

9.3Two Cases Arise Concerning the
Spontaneous Emission

9.3.1 Slow spontaneous emission

In the case of the strong field, and the relation
between the time and the mean number of

photons is " = 9°7 _in which the saturation
parameter is larger than 1. The force is
measured by the unit of Newton. Considering a
distance 1 cm and time 1.53, the rate of change
in their force change from [-2 * 10”14 N] to [2*
107-14 N]. The waveform shows periodical
structure forming repeated nonlinear layers.

The resulting figures show a standing wave with
nodes and antinodes with the change of time.
This behavior is similar to the potential function,
see Fig. 13.

If the time of the experiment is increased to 3.5,
as in Fig. 14, so more changes with time will
occur, showing an increase in amplitude as time
increases. The figures are also consistent with
the potential form, “Egg Crate” pattern is
introduced.

The same effect appears in the nonlinear
amplitude as that it is increases with increasing
time to 6, and still controlled by the periodicity,
see Fig. 15.

Here, the effect of the change in distance to 2 cm
appears most clearly in the form of a standing
wave in repeated parallel layers. The shown
velocities represent the difference between the
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vapor velocity before interaction and its velocity
after interaction.

The change in speed by the change in the time is
shown as a standing wave with an amplitude
modulator wave, see Fig. 16.

The left hand side figures from Fig. 13 to Figs. 16
represent nonlinear standing waves with nodes

0.5

0.5 0.0

T

Fig. 10 a. Standing wave with 2-antinode ,and
3-nodes

Fig. (12.a)

and anti-nodes, and their right side figures show
the solutions like an “Egg Crate” pattern.

As the time changes to 6 and the distance to 2
cm, Fig. 17.a, the speed appears as a periodic
function with peaks and bottoms, which looks like
the patters in Fig. 17.b, this agrees with the study
in [23].

F1o40 g

T

Fig. 10 b. Standing wave with 3-antinode,and
2-nodes

Fig. (12.b)

Fig. 12. An Egg Crate structure
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Fig. 16. Amplitude of modulator wave
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Fig. 17. periodic function with peaks and bottoms
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Fig. (20.a) : standing wave due to nodes  Fig. (20.b) standing wave due to antinodes
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W CmjSec 0.0F

Fig. (21,)

V CmfSec 0.0

0.5

Fig. (21,b)

Fig. 21. Distance increase wave

9.3 Rapid Spontaneous Emission (Weak
Field)

For the weak field ie. " =2C 7 | as the time
changes and for a fixed and low coefficient of
saturation and different coherent angles of the
laser, the force behavior is show in Fig. 18. The
force reflects the pressure radiation on the atoms
in unit area in the form of periodic interference
waves taking the form of nonlinear standing
waves with nodes and antinodes, their
amplitudes vary in increasing tendency with
distance and fluctuating in the interval (-0.4*10"-
14 N, 0.4 *107-14 N). It also appears as “Egg
Crate” pattern.

In Figs. 19, the view angles focus on space
travelled by the waves due to interference, which
appear as standing nonlinear waveforms in
parallel layers with increasing amplitudes. When
the time changes in the period up to 10 in
dimensionless scale, the number of nodes and
antinodes increases with time with increasing
amplitudes. Also “Egg Crate” form is revealed.

When the distance changes to 2 cm, the number
of nodes and antinodes increases along the time
axis in increasing amplitude for the pressure
force, as shown in Fig. 20.a. The velocity of
atoms has the same behavior as in Fig. (20.b).
Both looks like an “Egg- Crate” from different
view angles.

Along the increasing distance intervals for the
atoms velocity, the standing wave behavior
appears in harmonic growing with time wave
packets, as in Fig. 21a,b.

10. CONCLUSION

The study is conducted using sodium
atoms vapor [24] in the framework of the
quantum Dirac picture, focusing on the role
played by the coherence angles of the laser
mode. This study is a reviewing and verification
of the previous work in [4]. Taking into
consideration that the collision between
atoms is neglected. The steady state of the
optical Bloch equations for the density matrix
elements are evaluated, then the mean force
with respect to the coherent state causes the
deceleration and acceleration and the change in
detuning, taking in details the first two out of four
cases:

1)R = —ke,,4>0.
2) R=ke,, 4>0
3)R=—ke, 4<0
4) R=ke,, 4<0

Throughout the investigation of the problem, in
terms of mean photon numbers it has been found
that: in the classical approach the mean number
of photons is dealt with as a continuous quantity
according to [25, 26], which changes within the
interval [0,20]. The interaction angles are in
terms of time and distance. The evolution in the
behavior of atoms is investigated according to
changing the angles of coherence through by
applying optical filters, playing a principal role in
inducing the deceleration or the acceleration of
the atoms. It is kept in mind that, the atomic
vapor is immersed in an energy bath presented
by the laser field, such that the state of the
atomic vapor is unstable inside the system due to
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the loss or gain of energy caused by the
deceleration or acceleration of the atoms
influenced by the change of the coherence
angles. The investigation of the problem,
according to the weak and strong spontaneous
emission in terms of time dependent mean
photon numbers, introduced by Kazantsev and
Pusep, allows to determine the entropy
production of the unstable system, and then
focusing on the spatio-temporal behavior of
atomic beam under the influence of the radiation
pressure to follow the deceleration and the
acceleration, showing the formation of nonlinear
standing waveforms oscillating in Egg Crate
patterns found in previous studies. Furthermore,
it was concluded that when the force is collected
in two opposite directions, there is no guided
wave of laser waves, which is contrary to the
Stenholm imposition.
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